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ABSTRACT 
The classesV,(@),R,(@) ,V,,(@) and R,,(@) of analytic function, We establish a relation between the functions of 
bounded boundary and bounded radius rotations. 
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1. INTRODUCTION 
Let A be the class of functions f of the form 
f@=2+>.4,2" 
n=2 (1 1) 
Which are analytic in the unit disc E = {z: |z| < 1}. 


The definition of subordination is f €A is subordinate to ge A, written as f < g ,there exists Schwarz function 
w(z) with w(0)=0 and |w(z)|< 1 (Zz €E) such that f(z) = g(w(z)), In particular, when g is univalent, then the above 


subordination is equivalent to f(0)’ = g(0) and f(E) C g(E), for any two analytic functions 


f(zZ)= ¥ 4,2", g(z)= ¥b,2"(z € E). (1.2) 


n=0 


then convolution 


(f* 2\2)=Sia,b,z” (ZEB) (13) 


n=0 


We denote by s (a), c(a@), (0<@<|)the classes of starlike and convex functions of order @, 
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respectively defined by 


M(ay={feanee®) >a, <8} 


c(a)={f € A; of'(z)€s"(a), ze E} 


(1.4) 


¥ 
For @ =0, we have the well know classes of starlike and convex univalent functions denoted S and c, 


respectively. 
Let P, (@) be the class of functions P(z) analytic in the unit disc E satisfying the properties P(0)=1 and 
2a 


J 


0 


Re thpcka, (1.5) 


-a 


Where Z = re’, k >2,and 0 < a@ <1, using Herglotz — Stieltijes formula 


rc) =(* Re E 5 RO, zeEk (1.6) 


Where P(@) is the class of functions with real part greater then @ and P €P(Q), for i=1, 2 we define the 


following classes 


R,(a@) = | f :f € Aand — e's ‘(@+af'2)| P(a),0<A< 7 t>0 
Az(f'(2) — f'(-2)) + 0- AS (2) - f2) <a 
V,(a) = 7 odane le'rerzrel -€B(a),0<2<Ih, t>0 
Ac f(z) - f"(-2)) + [A-MS'(2)- f'-2)] 
. Lassa) + Qty + D2) +72] 
Ry a . A d 2 ”" " ’ ’ P, 2 
Ne See Fey ea Ha =f (1.8) 
+(1-A+ Nf (2)- f(z) 
O<A<sy<l. 
34m 2" ’ 
Voay=1f if <dand EL O+Ons+ r+ DP O+PO! — pie, 
Po =f C2) HAH V2 2) =F" Ez) (1.9) 
+[(d-24+nNU@-Sf(-2)] 
VsASY <1. 
We note that 
fe Vi (A) = of’ ER, (A) LVjA)S of’ ER, (A) (1.10) 
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For 4=0,t =0, y= 0 we obtain the well known classes Ry, Rx1, Vis Vi of analytic functions with bounded 


radius and bounded boundary rotations, respectively. These classes are studied by Noor [3] in more details, also it can 


easily by seen R?(a) =S"(a@) and V,(a@) =c(a@). Goel [6] proved that f €c(a@) implies that f €s'(a@) and 


feS (a) 


4°(1-2a@) 2 1 

Where B = B(a) = ‘a 22a! > 2 
—In2 ,a=— 

2 2 


and the result is sharp. In this paper, we prove the result of Goel [6] for the classesV,(@), R,(@) ,V,,(@) and 
R,,(@) by using convolution and Subordination techniques. 
2. PRELIMINARY RESULTS 
We need the following results to obtain our results. 


Lemma 2.1: 


Letu =u, +iu,, V=V, +1V, and Vu, v) be a complex valued function satisfying the conditions 
; : : ; : 2 
(i) (u,v) is continuous in a domain D CC’. 


(ii)(1,0)€ D and Rey (1,0) > 0, when ever (iv,,v,) <0 when ever (iu,,v,) € Dandy, < {5} +u3) 


If A(z) =1+e,2 +... is a function analytic in E. Such that (A(z),zh'(z))eD and 
Rey(A(z), zh'(z)) > 0 for z € E, then Re h(z)>0 in E. 
3. MAIN RESULTS 
Theorem 3.1 


Let f €V,(a@), then f € R,(@), where 


1 ial +407 +4e7?X —4a(1+4)+8a7A—4a(1+ A) 
B= —(2a-(14+A)+2ad)+ 
4 +8-8A4+8A4+(14+7’). 
Proof: 
Let 
(Az* f"(z) + 2f'(2) = (1— B)P(z 
Az f(z) — f(-z)) + A- AMF (2) - f(-2)) paar (3.1) 


www. iaset.us editor@iaset.us 


46 S.Prem' & Bhuvaneswari Raja 


-(I (Ed \re ( aol, G2) 


P(z) is analytic in E with P(0)=1 then 


[he ro+zro)l 
EP@- FCA +d-AY@)-Fea) | PPO*P ie 
Az’ f"(z) + 2tf'(z)+(1- f)p'(z) 
+ (1-A)z + Azf"(-z) 
" AdLf'(2)— f'(-2)]+ d= A) = B) pz) + B 
1 [az riaez fo) s 
(l-a)| az[f'(2)- f'(-2))+0-AYLO-FC2)] 
1 [Az? £"(z) + 2Af"(z) +(1—A)z](1— B)p'(z) | GA) 
eee (76 = ‘ 
(I-a) [ PPV P-O* 7 HG) - f'(-2)+ 1A B)P@)+ Bl 
1 
[ (L+M)p(z) 
(N +Q)(p(Z) ae: 
=f 
Where 
L=Az’ f"(z) 
M =Azf'(z)+(1-A)z 
N=A/f'2)-f'@)] 
Q=(1-A) 
Since f €V,(@), it implies that 
: Je +M)p' 
= p'(z) 
ae oe p(z)4 ie. i E Px. zeEE (3.5) 
= = 
N 
(N+ of ne ae 5) 
We define 
ae 1 Zz b Z 
Wee cee Gaya Tepe 3.6) 
with a= ,b= B by using (3.1) with convolution, see [5], we have, that 


1-B 1-B 
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Pap\4) a % QP, 2) 4 k 1)| ap (z) e 
pte)=($+ 3] MO pea]-(£- 2] e+ 09] 


Implies 


ar (N+O-R\(p(z)+b) \4 2 “(N+O)(p(z)+b} (4 2 


ne a(L+M)p, (2) 


a(L +M)p'(z) -(i | s [2 a(L+M)p, (2) | G | ) 


(N+ Q)(p,(z) +b 
(3.7) 
Thus from (3.5) and (3.7) we have 
= ,0-B) 4 +P) |e, ini a 
l-a (1-a@) (N + Q)(p,(2z) +6 . 


' 
We now from functional w(u,v) by choosing u = p,(z), v = zp, (Z) in (3.8) and note that the first two 


conditions of Lemma 2.1 are likely satisfied, we check the condition as follows 


Rely (iu,,v,)]=-—] (B-a) + Re Aa f"(2)p; (2) + fe | 
rs c Po par "(2)-f"(@)]+0d-aAYL'@-f'] 


(2p @+ FOr J as fs 
- + |(p-a)+ 


ad ( B ee 
iu, +—— 
1-B\F@-S@) 


Hanae ol 2 


s+ (pa) 
c (4 e |ve- f(z))+42*f"2)) 
B 
18-2) -(WHas@r+es"@)| 2) 
: B 
3.9 
{a(S A Jue. fle) +42 f"(2)) a 
z A+ Bu; 1C>0 
2c , 
editor@iaset.us 
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Where 
are, bB-a) AS) -f@l+ 42 fT - (/'@ +2 £'@10-B)] 
B= = [2(8 -a)1-£) (Cf) - f(2)] + Az fel =fplfe* Az? f"2)] (3.10) 


C= “(4 (la) [(f(2) —-f@]+ +4 az’ f(T 


The right hand side of (3.9) is negative if A < 0 we have 


(l+ A) +4a? +4a7?V —4a(1+ A) +8a7A —4a(1+ A) 
+8—-824+8A4+(14+7’). 


p= Bla)=7 Qa a--4)20i)+ 


Theorem 3.2 


Let f EV,,(@), then f © R,,(@), where 


(ltAty)+4e0°Vy +607 —4a(lt+ y+) 


p= {2a (l+ A) +7) +2ayA + _|+16a7*Ay —4at(1+A)1+y7)+804+A)(14 7) —-12yA 


+(1+y7)4+ 2’). 
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